The present status of lattice calculations of fD, fB and some mass splittings are discussed. When one includes the uncertainties due to discretization errors, the results do not yet have a su cient precision to be relevant to phenomenological applications. There are, however, good prospects of cutting down the uncertainties by a factor of 2 or more soon.
INTRODUCTION
B-physics plays an important role in the experimental determination of the Cabibbo{ Kobayashi{Maskawa matrix and the understanding of CP-violation. Until CP-violation can be observed directly in B-meson decays, hadronic matrix elements are needed in combination with the experimental results on B B, K K mixing to obtain restrictions 1] on the famous unitarity triangle and thus on the CP-violating phase . Only lattice QCD allows us to compute these matrix elements without model assumptions.
In this review, we do not discuss the relevant B B matrix element but concentrate on the leptonic decay constants f B and f D , as well as beauty spectroscopy. These quantities are easier to compute. It is important to understand them before one performs a full study of B B mixing.
This talk is an update of ref. 2], which we recommend as an introduction for the non-expert. We restrict our attention to the quenched approximation and refer the reader to ref. 2] for the little that can be said about full QCD.
Compared to last year's conference, where the subject was reviewed by C. Bernard 3] , there has not been a rapid development. However, at least in the static approximation, it is well understood how to reduce errors to around the 15% level due to the work of the FNAL group 4] and Draper and McNeile 5] as well as the variance reduction to be discussed in section 5. (1) of the relevant axial vector current. In principle, the leptonic decay constant f P can easily be obtained from a Monte Carlo estimate of the correlator hA 0 (x)A y 0 (0)i.
Nevertheless, there are two non-trivial problems. 1) The axial vector current acquires a renormalization in the lattice regularization and 2) for current values of the lattice spacing a, the propagation of the charm quark is distorted because its mass is not small enough compared to the inverse lattice spacing. The second problem becomes a true obstacle for f B .
Renormalization
The relation between the bare lattice current (in the Wilson formulation) and the renormalized current A f;f 0 (x) is given by 
The continuum limit
We use capital letters for quantities in lattice units, e.g. F P = af P . Since QCD predicts only dimensionless quantities such as mass ratios, we consider the continuum limit of F P =F . The dominant lattice artefacts should originate from the lowest-dimensional operator which appears in the e ective action of lattice QCD but not in the continuum QCD action. For Wilson fermions, this is a dimension-ve operator. Hence, we expect the continuum limit to be approached at a rate proportional to a { up to unimportant logarithmic corrections: F P =F = f P =f + CF + ::: :
If instead we take the perturbative values for Z A andZ A and use M to set the scale, there are additional perturbative corrections F P =M = f P =m + dg 4 + C 0 M + ::: ; (5) d and higher-order perturbative terms vanish only when the currents are normalized through a nonperturbative normalization condition, e.g. the axial Ward identity 9]. In this case, one still has to remember that C 0 depends on which normalization condition has been chosen. In fact, for the case of the vector current this O(a) effect is known to be of the order of 15% still at = 6:4 10]. Furthermore, the coe cients C and C 0 depend signi cantly on whether one chooses eq. (2) It is quite obvious that f B cannot be computed in this way. A possible approach is given by a non-relativistic treatment of the b-quark 6, 7] . In these approaches it is necessary to estimate the systematic errors due to uncertainties in the coe cients in the action and due to the truncation 
In both parts of the calculation, one can take the continuum limit (after renormalizing the current in the static approximation). In the continuum, one then matches the two parts through one or two phenomenologically determined 1=m p correction terms. 3 
f B IN THE STATIC APPROXIMA-TION
A calculation off stat is essential for the success of the above approach. Unfortunately, the static approximation su ers from a bad signalto-noise ratio of the correlation functions: it is 3 Such a matching cannot be justi ed at a nite value of the lattice spacing 19, 20] . The reason is that in the regime am f >> 1 one is essentially in the non-relativistic limit, where one cannot take the continuum limit but must add higher-order operatorsin order to cancel cuto e ects. Therefore, one may not interchange the interpolation and the continuum limit.
very di cult to obtain signi cant correlators beyond a distance of 1=2 fm. In this situation, it is essential to use smearing to suppress the excited states. 
Computing Ground State Properties
Concerning this problem, a true breakthrough has been achieved by the FNAL group 4] and subsequently by Draper and McNeile 5], who showed that the variational approach 23] can be applied successfully to this case. I brie y outline the main principle but
The Continuum Limit
Finally,F stat =( m) 3=2 has been extrapolated 4] to the continuum limit, with m the 1P{1S charmonium splitting 27]. m is not known for = 6:3. Ref. 4 ] approximates it by 1-loop evolution from = 6:1 to = 6:3. This does, however, give an arbitrary value for the a-e ects of the ratioF stat =( m) 3=2 (e.g: the same procedure applied also to the numerator simply says that the ratio is independent of the lattice spacing). Fur- thermore, the statistical errors of m have not been included. We therefore performed the extrapolation ofF stat = 3=4 using also the data of 5]. The lattice spacing dependence of this ratio is weak. 4 Conservatively, using only the last four points to extrapolate, gives the continuum ratiô f stat = 3=4 = 1:85(37) with an additional (estimated) 7% uncertainty due to the renormalization 24].
In g. 4, also the available values with the SW action are displayed. Since these calculations do not use the variational method, we suggest that they should be analyzed as shown in g. 5, to make sure that O(exp ( E t min )) errors are under control. Nevertheless, it is exciting to see that one will soon be able to obtain the continuum limit for this di cult quantity with two di erent actions. The main uncertainty that will remain is the 2-loop uncertainty in the renormalization. A signi cant improvement of this result should be possible. Reducing the lattice spacing will allow for a more precise extrapolation off(m P ) and a wider range of m P . At the same time, it is necessary to improve the statistical accuracy, especially in the static approximation. In the following section, we demonstrate that a signi cant factor can be obtained without additional computational e ort.
VARIANCE REDUCTION
Consider for simplicity the correlation function of two pseudoscalar densities. After integration over the Grassmann variables, it can be written O 1 (x 0 ) = X x hTrS f (x 0 ;x; 0;ỹ)S y f 0 (x 0 ;x; 0;ỹ)i; where the average <> is over the gauge elds with the appropriate weight including possibly the fermion determinant and S f is the quark propagator of avor f. The variance of this correlation function could be decreased by averaging overỹ. Straightforwardly this is not possible, since it requires quark propagators to be calculated from each pointỹ. Instead, with just the e ort necessary to compute S from one point y, we can calculate the combination S f (x 0 ;x) P~y S f (x 0 ;x; 0;ỹ) ỹ where ỹ is a random eld of 1=N) V (O 1 ) . The prefactor may however also be large, such that on a lattice of (1.5 fm) 3 one has V (O 2 ) > V (O 1 ) because N is not large enough. This prefactor originates from the sum over short distances in the 4-point functions. It can be decreased by not summing over every pointỹ, but over \well separated" points only.
The essential idea to reduce the variance of 2-point functions like this was given in ref. 32 ]. There, and in a recent investigation 33], it was concluded that the method does not improve the variance in the cases of practical interest. However, we do not expect a large prefactor when at least one quark avor is heavy.
This variance reduction can be applied for any action of the quarks and for any type of smearing.
The idea has been tested both in the static approximation and for a heavy quark around the charm-mass at = 5:7 on a 12 3 One clearly expects that these ratios will grow proportionally to the space-like volume, when the separation of points is kept xed. It was also checked that the gain translates e.g. into a factor 1=2:5 in the error onF stat on the 12 3 24 lattice.
Such factors should not be missed in future heavy-light and heavy-heavy computations.
BEAUTY/CHARM SPECTROSCOPY
The spectroscopy of mesons and baryons with b-or c-content, is of twofold interest. On the one hand, there are still channels where lattice gauge theories can make predictions; on the other hand, one can check the importance of systematic errors like the quenched approximation against experimental numbers and one can test the size of 1=m corrections to the heavy quark limit in these quantities. Two splittings have been studied systematically. 
CONCLUSIONS
A signi cant advance has been made in the static approximation by applying the variational technique 4,5] to obtain ground state properties. Not only do refs. 4, 5] obtain reliable numbers for the decay constants, but with the help of the gap computed in ref. 4 ] one can quantitatively estimate the contamination due to the rst excited state that is present in other calculations. Soon, the precision off stat may be limited mainly by the unknown 2-loop e ects in the renormalization.
Concerning the computations at nite mass, we point out that it is not su cient to correct (approximately) for one type of O(a) e ect or another. One needs to perform calculations over a range of lattice spacings with one action, one normalization of the elds, one de nition of the meson mass and extrapolate to the continuum. The action of ref . 7] and/or the SW action should help in that they may allow for a smoother continuum extrapolation than the standard Wilson action. We can also learn more about O(am f ) e ects once the 1-loop calculations of ref . 7] are nished.
Higher-precision calculations are under way. I hope that by the time of the next conference the nal errors on f D and f B can be cut by about a factor 2 or more, especially if the variance reduction described in section 5 is applied.
In this review, we combined data from di erent groups to perform continuum extrapolations of certain quantities. As the reference scale we used the string tension because it is known with reasonable precision for the relevant range ofvalues. A related quantity, r 0 , is known to be much better for this purpose 38] . Once it will have been computed, we will not need to worry about the residual systematic errors in the determination of the string tension.
In order to nally compute the B B mixing amplitude, the b = 2 four-fermi operator needs to be renormalized. It remains a true challenge to perform this renormalization non-perturbatively or \at least" to two loops.
